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Fiber Products

Let S, T , and W be local rings with ring homomorphisms
πS : S →W ← T : πT . The Fiber Product of S and T over W is
the ring

S ×W T := {(s, t) ∈ S × T : πS(s) = πT (t)}.

Universal Mapping Property:

R
∃!µ

$$

p2

""

p1

%%

S ×W T

��

// T

πT

��
S

πS //W
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Why study Fiber Products?

1 Avramov, Foxby, Herzog ’94: Any two Cohen
Factorizations have a common deformation.

2 Christensen, Striuli, Veliche ’10: Studied the depth S×k T .

3 Nasseh, Sather-Wagstaff ’17: R = S ×k T satisfies the
Auslander-Reiten Conjecture.

4 Celikbas, Celikbas, Ciuperca, Endo, Goto, Isobe,
Matsuoka: Study Arf rings arising from fiber products
S ×W T .
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Resolutions of Fiber Products:

Theorem (G’22)

Let (R, k) be a local ring with ideals I ′ ⊆ I and J ′ ⊆ J with
certain Tor-vanishing conditions. Set S = R

I′+J , T = R
I+J ′ , and

W = R
I+J . One can construct a free resolution of S ×W T over R

from free resolutions of R/I, R/I ′, R/J , and R/J ′.

If TorRi
(
R
I′ , k

)
→ TorRi

(
R
I , k

)
and TorRi

(
R
J ′ , k

)
→ TorRi

(
R
J , k

)
are

zero maps for all i ≥ 1, then this construction is minimal.

Corollary (G’22)

For ` ≥ 1, we have

βR` (S ×W T ) = βR`

(
R

IJ

)
+
∑̀
t=1

(
βRt

(
R

I ′

)
βR`−t

(
R

J

)
+ βR`−t

(
R

I

)
βRt

(
R

J ′

))
.
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Resolutions of Fiber Products Revised:

Theorem (G’22)

Let R = k[[x, y]] be a local ring with ideals I ′ ⊆ (x) and J ′ ⊆ (y).

Set S =
k[[x]]

I′ , T =
k[[y]]

J ′ , and W = k. One can construct a free
resolution of S×W T over R from those of R/I ′ and R/J ′.
If I ′ ⊆ (x)2 and J ′ ⊆ (y)2, then this construction is minimal.

Corollary (G’22)

If x = x1, . . . , xn and y = y1, . . . , yn′ , then for ` ≥ 1, we have

βR` (S ×W T ) =

(
n+ n′

`+ 1

)
−
(

n

`+ 1

)
−
(

n′

`+ 1

)
+
∑̀
t=1

(
βRt

(
R

I ′

)(
n′

`− t

)
+

(
n

`− t

)
βRt

(
R

J ′

))
.
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Question:

1 Today: What if I ′ 6⊆ (x)2?

2 Future: What if for some i ≥ 1 we have
TorRi

(
R
I′ , k

)
→ TorRi

(
R
I , k

)
is not the zero map?
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Example Set-up:

R = k[[x1, x2, y1, y2]]

I ′ =
(
x3

1 + x2
2

)
⊂ k[[x1, x2]]

S = k[[x1,x2]]
I′

∼= R
I′+(y1,y2)

J ′ =
(
y3

1 + y2
2

)
⊆ k[[y1, y2]]

T = k[[y1,y2]]
J ′

∼= R
(x1,x2)+J ′

Note:

S ×k T ∼=
R

I ′ + (x1y1, x1y2, x2y1, x2y2) + J ′
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Example Resolutions:

1 S = 0 // R
(x31+x22)

// R // 0

2 X = 0 // R

(
−x2
x1

)
// R2 (x1 x2 ) // R // 0

3 T = 0 // R
(y31+y22)

// R // 0

4 Y = 0 // R

(−y2
y1

)
// R2 ( y1 y2 ) // R // 0
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Step 1:

The star product of X and Y over R, denoted X ∗R Y, is the
chain complex given by

(X ∗R Y)n =


(X≥1⊗RY≥1)n+1 n ≥ 1

X0 ⊗R Y0 n = 0

0 n < 0

∂X∗Yn =


∂
X≥1⊗Y≥1

n+1 n ≥ 2

∂X1 ⊗ ∂
Y
1 n = 1

0 n ≤ 0

.

0→ R

−x2x1
−y2
y1


// R4

 y2 0 −x2 0
−y1 0 0 −x2

0 y2 x1 0
0 −y1 0 x1


// R4 (x1y1 x1y2 x2y1 x2y2 ) // R→ 0
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Step 2:

S = 0

φ

��

// 0 //

0
��

R
(x31+x22)

//(
x21
x2

)
��

R //

1
��

0

X = 0 // R (
−x2
x1

)// R2

(x1 x2 )
// R // 0

Σ−1(S≥1⊗RY)

Φ

��

= 0→ 0 // R

(−y2
y1

)
//−x21−x2

0
0


��

R2 ( y1 y2 ) //x21 0

0 x21
x2 0
0 x2


��

R→ 0

(x31+x22)

��
X ∗R Y = 0→ R−x2x1

−y2
y1


// R4 y2 0 −x2 0
−y1 0 0 −x2

0 y2 x1 0
0 −y1 0 x1


// R4

(xy)
// R→ 0
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Step 3:

T = 0

ψ

��

// 0 //

0

��

R
(y31+y22)

//(
y21
y2

)
��

R //

1

��

0

Y = 0 // R (−y2
y1

)// R2

( y1 y2 )
// R // 0

Σ−1(X⊗RT≥1)

Ψ

��

= 0→ 0 // R
( x2
−x1 )

// 0
0
y21
y2


��

R2 (−x1 −x2 ) //−y
2
1 0

−y2 0
0 −y21
0 −y2


��

R→ 0

(y31+y22)

��
X ∗R Y = 0→ R−x2x1

−y2
y1


// R4 y2 0 −x2 0
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Final Step:

Desired resolution given by the mapping cone of the below.

0→ 0 // R2

−y2 0
y1 0
0 x2
0 −x1


//

−x
2
1 0

−x2 0
0 y21
0 y2


��

R4

(
y1 y2 0 0
0 0 −x1 −x2

)
//


x21 0 −y21 0

0 x21 −y2 0

x2 0 0 −y21
0 x2 0 −y2


��

R2 → 0

(
x31+x22 0

0 y31+y22

)
��

0→ R−x2x1
−y2
y1


// R4 y2 0 −x2 0

−y1 0 0 −x2
0 y2 x1 0
0 −y1 0 x1


// R4

(x1y1 x1y2 x2y1 x2y2 )
// R→ 0
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Breaking the Example

What if we replace I ′ = (x3
1 + x2

2) with I ′ = (x1 + x3
1 + x2

2)?

S = 0

φ

��

// 0 //

0
��

R
(x31+x22)

//(
1+x21
x2

)
��

R //

1
��

0

X = 0 // R (
−x2
x1

)// R2

(x1 x2 )
// R // 0

Observe: TorR1 (φ, k) 6= 0
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Breaking the Example Cont.

0→ 0 // R2

−y2 0
y1 0
0 x2
0 −x1


//

−1−x21 0
−x2 0

0 1+y21
0 y2


��

R4

(
y1 y2 0 0
0 0 −x1 −x2

)
//


1+x21 0 −1−y21 0

0 1+x21 −y2 0

x2 0 0 −1−y21
0 x2 0 −y2


��

R2

(
x1+x31+x22 0

0 y1+y31+y22

)
��

// 0

0→ R−x2x1
−y2
y1


// R4  y2 0 −x2 0

−y1 0 0 −x2
0 y2 x1 0
0 −y1 0 x1


// R4

(x1y1 x1y2 x2y1 x2y2 )
// R // 0

Observe:

S ×k T ∼=
R

I ′ + (x1y1, x1y2, x2y1, x2y2) + J ′
∼=

R

I ′ + (x2y2) + J ′
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Generalization

Lemma

Let I = (g1, . . . , gm) ⊆ k[[x]] with p = dimk

(
I+(x)2

(x)2

)
, then a

change of variable allows allows one to set gi = xi for 1 ≤ i ≤ p.

Set I = (x1, . . . , xp) + I0 with I0 ⊆ (xp+1, . . . , xn)2.

Set J = (y1, . . . , yq) + J0 with J0 ⊆ (yq+1, . . . , yn′)
2.

Theorem

Set R′ = k[[xp+1, . . . , xn, yq+1, . . . , yn′ ]]. The fiber product S ×k T
is isomorphic (as R-algebras) to the following.(

k[[xp+1, . . . , xn]]

I0
×k

k[[yq+1, . . . , yn′ ]]

J0

)
⊗R′

R

(x1, . . . , xp, y1, . . . , yq)
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Background
Examples
Current

Generalization

Lemma

Let I = (g1, . . . , gm) ⊆ k[[x]] with p = dimk

(
I+(x)2

(x)2

)
, then a

change of variable allows allows one to set gi = xi for 1 ≤ i ≤ p.

Set I = (x1, . . . , xp) + I0 with I0 ⊆ (xp+1, . . . , xn)2.

Set J = (y1, . . . , yq) + J0 with J0 ⊆ (yq+1, . . . , yn′)
2.

Theorem

Set R′ = k[[xp+1, . . . , xn, yq+1, . . . , yn′ ]]. The fiber product S ×k T
is isomorphic (as R-algebras) to the following.(

k[[xp+1, . . . , xn]]

I0
×k

k[[yq+1, . . . , yn′ ]]

J0

)
⊗R′

R

(x1, . . . , xp, y1, . . . , yq)

H. Geller Fiber Betti 15 / 17



Background
Examples
Current

Generalization

Lemma

Let I = (g1, . . . , gm) ⊆ k[[x]] with p = dimk

(
I+(x)2

(x)2

)
, then a

change of variable allows allows one to set gi = xi for 1 ≤ i ≤ p.

Set I = (x1, . . . , xp) + I0 with I0 ⊆ (xp+1, . . . , xn)2.

Set J = (y1, . . . , yq) + J0 with J0 ⊆ (yq+1, . . . , yn′)
2.

Theorem

Set R′ = k[[xp+1, . . . , xn, yq+1, . . . , yn′ ]]. The fiber product S ×k T
is isomorphic (as R-algebras) to the following.(

k[[xp+1, . . . , xn]]

I0
×k

k[[yq+1, . . . , yn′ ]]

J0

)
⊗R′

R

(x1, . . . , xp, y1, . . . , yq)

H. Geller Fiber Betti 15 / 17



Background
Examples
Current

Classifying Betti Numbers

Theorem

The Betti numbers of the fiber product F =
k[[x]]

I ×k
k[[y]]

J over
R = k[[x, y]] are given by βR0 (F ) = 1 and, for t ≥ 1,

βRt (F ) =

(
n+ n′

t+ 1

)
−
(
n′ + p+ 1

t+ 1

)
−
(
n+ q + 1

t+ 1

)
+

(
p+ q + 1

t+ 1

)
+
∑
w+z=t

(
βRw

(
R

I

)(
n′

z

)
+

(
n

z

)
βRw

(
R

I ′

))
.
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Thank you!
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