


DG - structures For fiber Products
-

Let S
,
-1 be rings with common

residue field f
.

Its :S
- k

Th : T -he

Sxpt = { Is,t)eSxT its G) = ITH)) .
Thin :( Nasseh

,

Sather - Wagstaff ' 17)
--

Let M and N be f. g. modules over the
fiber product f Sept ( S, T are locals .
If Tori IM, N ) = o vi. (MN) for some izs

,

then pdfmtt or pdr NE 1 .



Graded case : S --HII , T -- KEI- J

⇒ Skate
HGH where I# = { xiyj }

•S is the minimal free resolution of k¥7
over NH)

.

I E LI>
2

•I is the minimal free resolution of k§
over Rft)

,
J E Ly-72

• X is the Koszul complex on I over NEXT

• Y is the Hoszul complex on y. over RED



Casey't
'

. I = 0=J

- Visscher
'06 gave an explicit construction

of a minimal free resolution of

ACEH]
¥⇒EhE3xakEH .

- Unpublished paper claims these resolutions
are OGAS

. Paper has linearity issues
.

Example : we can make the minimal resolution

of Nfl . ,xz , 's , > uh , 93]
sx.y.x.gzx.yzxzy.is#zyzg

into a 06A
.
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o- R- Rs-R
"
-H-R→ o

@x.y
,

' Exzyz = Yz ex ,xzyz
- X2 Ex,yzyz

Ex
, yzlxzy, = Yz ex,xzyz

EX
,yzyzexzy,
I 0



Consettion :

(X*y¥ {
"' 'Ekiti, is ,

Xo Yo ino

Ji
"
. { diii

" ' izz

O? ④ d? i -- I

-1hm (G) :
-

If S and I are minimal resolutions of

NGHI and htt-%
,

then S*2 is a

minimal resolution of REIHL
(I.J >

-



-1hm (G)
IFS is a 06A resolution and I is a

Taylor resolution, then S*I is a DGA

with product (em * fake fr)
-

-ftp.eo.cwifth
"" - " ""

"

Ine Alfalfa

- Icw , so,]HfenkB end
"Cent * frfr

+112, aw, sq) then
' "" - ' semen * fep, ( fr)

- 112, cwdltfeml-if.gl '
""th

dxfenl, en * frfr

where I :{ w,
a wad . . }

,
f -- {Hems . . . }

,

and P
,
(for )=mmIw

,

frau
.
.

Corollary !
The fiber product k xp HEY-3 is

minimally resolved by the OGA X*Y
.



Eased : k¥2 xn htt.] , I eat
Idea ! Build a mapping come such that

the corresponding L . E. S . in homology reduces to

O - I . LEHI

HtRaitt htt't-3
-→- → O
LI:S-7 LI , II>

Io :{Hit)- X*Y



Need : to :S-X (xp x.HEEP
Example :

Sao-a a
'sa→ o

Ix . I %) d '
.

"ix. o -a eat acts



Lift : Io :S
- '

(Sz ,④aT ) → 21*7
Given by ,

Iola ④ fr ) '- Itflfrlsofi )
" ' " "told * fr

&

*HfHrkDH[kkIQKl*fr

Tbm (G)
The map Te is a chain map and

cone ( Io) minimally resolves k¥1 xp Aft]
provided S is minimal and If 2

.



Thumb)
The action of X* Y on

Cone (Io)

given by
ten *fella④ fr )

= -1141 =D
' ""t' 'O'(g)a ④ frfr

*ICW,
e y,] (ygklllfrl

- 1) tlfrl
enolktxfnfi

makes cone (Io) into a OG 21*7- module .

(S minimal
,
Is ⇐5

, do : 1)
-
Eonj : If S is 06A

,
of a OG -morphism then

cone ( Io) is a OGA Caxofe) ④fr) -- hi
"'tLp@frfr


