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Abstract. It is known via work of Duke and Ghate that there are only finitely
many pairs of full level, degree one eigenforms f and g whose product fg is also an
eigenform. We prove a partial generalization of this theorem for degree two Siegel
modular forms. Namely, we show that there is only one pair of eigenforms F and
G such that FG is a non-cuspidal eigenform. In the case that FG is a cuspform,
we provide necessary conditions for FG to be an eigenform, give one example, and
conjecture that is the only example.

1. Introduction

Let f ∈Mk(SL2(Z)) and g ∈Ml(SL2(Z)) be eigenforms. It is natural to ask under
what conditions is fg an eigenform. If dimC(Mk+l(SL2(Z))) = 1, then fg is forced to
be an eigenform. It was shown independently by Duke [3] and Ghate [5] that fg is
an eigenform only when forced to be via dimension. In fact, they provide a complete
list of the 16 pairs of eigenforms for which the product is an eigenform.

In this paper we consider the case of degree two Siegel modular forms of full level.
In particular, if F ∈ Mk(Sp4(Z)) and G ∈ Ml(Sp4(Z)) are eigenforms, we ask, when
is FG an eigenform? This differs from the elliptic modular forms case in a very key
way. One knows that up to normalization the eigenvalues and Fourier coefficients of
elliptic eigenforms are equal. This makes dealing with products of eigenforms in the
elliptic modular forms case much easier. However, in the case of Siegel modular forms
there is no such simple relation between general Fourier coefficients and eigenvalues.
This makes what turns out to be the easiest situation in the elliptic modular forms
case (the product of two cuspforms) difficult in our case.

We break our investigation into four cases. The first case we consider is when F
and G are both Eisenstein series. We are able to use the Siegel operator to relate this
case to the elliptic modular forms case considered by Duke and Ghate. This allows
us to reduce our possibilities to the pairs of Siegel eigenforms that map to the elliptic
eigenforms on the list of Duke and Ghate under the Siegel operator. From there we
can check the finitely many cases by hand and show the only pair that multiplies to
give an eigenform is the case that is forced by dimension considerations.

The case where either F or G is a cuspform is more difficult and in this case we have
only conditional results. We split this into three separate cases: a Siegel Eisenstein
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series multiplied by a cuspform, a Klingen Eisenstein series mulitplied by a cuspform,
and two cuspforms multiplied. In the case of a Siegel Eisenstein series multiplied by
a cuspform, there is one case forced by dimension considerations. We conjecture this
is the only example where one of the eigenforms is a cuspform. The arguments given
where one of the eigenforms is an Eisenstein series and one is a cuspform use the fact
that the eigenvalues of a Siegel modular form are integral. We use results relating
these eigenvalues to certain Fourier coefficients to give necessary conditions for FG
to be an eigenform. In the case both eigenforms are cuspforms, we show that if FG
is an eigenform then its first Fourier-Jacobi coefficient must vanish. We also give an
easily checked necessary condition for FG to be an eigenform if F and G are cuspidal
eigenforms.

2. Background and notation

In this section we provide the background and notation necessary for this paper.

2.1. Relevant groups and actions. Let Matn denote the n by n matrices. Given
a matrix γ ∈ Mat2n, we will often write it as

γ =

[
Aγ Bγ

Cγ Dγ

]
where the blocks are in Matn. Set Jn =

[
0n −1n
1n 0n

]
and recall that the degree n

symplectic group is defined by

GSp2n =
{
g ∈ GL2n : tgJng = µn(g)Jn, µn(g) ∈ GL1

}
where µn : GL2n → GL1 is a homomorphism defined via the equation given in the
definition. Write GSp+

2n(R) for the subgroup of GSp2n(R) consisting of elements g
with µn(g) > 0. We set Sp2n = ker(µn) and denote Sp2n(Z) by Γn to ease notation.

Siegel upper half-space is given by

hn = {Z = X + iY ∈ Matn(C) : X, Y ∈ Matn(R), tZ = Z, Y > 0}

where we write Y > 0 to indicate that Y is positive definite. The group GSp+
2n(R)

acts on hn via γZ = (AγZ +Bγ)(CγZ +Dγ)
−1.

2.2. Siegel modular forms: definitions. Let F : hn → C. Set

(F |κg)(Z) = µn(g)nk/2j(g, Z)−kF (gZ)

for g ∈ GSp+
2n(R) and Z ∈ hn where j(g, Z) = det(CgZ + Dg). A Siegel modular

form of weight k and level Γn is a holomorphic function F : hn → C satisfying

(F |kγ)(Z) = F (Z)

for all γ ∈ Γn. If n = 1, we also require the standard growth condition at the cusp.
We denote the vector space of Siegel modular forms as Mk(Γn). Given F ∈ Mκ(Γn),
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F has a Fourier expansion of the form

F (Z) =
∑
T∈Λn

a(T ;F )e(Tr(TZ))

where Λn is defined to be the set of n by n half-integral (diagonal entries are integral,
off diagonal are allowed to be half-integral) positive semi-definite symmetric matrices
and e(w) := e2πiw.

We define the Siegel operator Φ : Mk(Γn)→Mk(Γn−1) by

Φ(F )(Z) = lim
t→∞

F

([
Z 0
0 it

])
.

We say F ∈Mk(Γn) is a cuspform if Φ(F ) = 0. Set Sk(Γn) = ker(Φ).
Given two Siegel modular forms F,G ∈ Mk(Γn) with at least one a cusp form, we

define the Petersson product of F and G by

〈F,G〉 =

∫
Γ\hn

F (Z)G(Z)(detY )kdµZ,

where Z = X + iY with X = (Xα,β), Y = (Yα,β) ∈ Matn(R),

dµZ = (detY )−(n+1)
∏
α≤β

dXα,β

∏
α≤β

dYα,β

with dXα,β and dYα,β the usual Lebesgue measure on R. Note that whenever we refer
to orthogonality in this paper it is with respect to this inner product.

2.3. Hecke operators. Given g ∈ GSp+
2n(Q), we write T (g) to denote the double

coset ΓngΓn. We define the usual action of T (g) on Siegel modular forms by setting

T (g)F =
∑
i

F |kgi

where ΓngΓn =
∐

i Γngi and F ∈Mk(Γ). Let p be prime and define

T (n)(p) = T (diag(1n, p1n))

and for 1 ≤ i ≤ n set

T
(n)
i (p2) = T (diag(1n−i, p1i, p

21n−i, p1i)).

The spacesMk(Γn) and Sk(Γn) are both stable under the action of T (n)(p) and T
(n)
i (p2)

for 1 ≤ i ≤ n and all p. We say a nonzero F ∈ Mk(Γn) is an eigenform if it is an

eigenvector of T (n)(p) and T
(n)
i (p2) for all p and all 1 ≤ i ≤ n.
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2.4. Eisenstein series. For n ≥ 1 and 0 ≤ r ≤ n define the parabolic subgroup

Pn,r =



a1 0 b1 ∗
∗ u ∗ ∗
c1 0 d1 ∗
0 0 0 tu−1

 ∈ Γn :

[
a1 b1

c1 d1

]
∈ Γr, u ∈ GLn−r(Z)

 .

We define projections

? : hn → hr

z =

[
z? ∗
∗ ∗

]
7→ z?

and

? : Pn,r → Γr

γ 7→ γ? =

[
a1 b1

c1 d1

]
.

These allow us to define the Eisenstein series of interest. Let F ∈ Sk(Γr). The
Eisenstein series attached to F is the series

Ek
n,r(Z;F ) =

∑
γ∈Pn,r\Γn

F ((γZ)?)j(γ, Z)−k

where Z ∈ hn. The fact that Eisenstein series are well-defined can be found in [7, pg.
62-63] for example. If 0 < r < n, we refer to this as a Klingen Eisenstein series. If
r = n, we have Ek

n,n(·;F ) = F . In the case r = 0, we have F is a constant and so
up to scaling the Eisenstein series is unique. We choose F = 1 and we refer to the
Eisenstein series as a Siegel Eisenstein series in this case. In this case we drop F from
the notation and write Ek

n,0.
Define

Mk
n,r =

{
Ek
n,r(·;F ) : F ∈ Sk(Γr)

}
and Mk

0,0 = C. We have

Mk(Γn) =
n⊕
r=0

Mk
n,r

via [7, Chapter 5, Prop. 7]. The primary case of interest for this paper is n = 2. In
this case we have only the three cases r = 0, 1, 2 to consider. When r = n = 2, we
have Mk

2,2 = Sk(Γ2). Moreover, Mk
2,1 consists of the Klingen Eisenstein series arising

from cuspidal elliptic modular forms and Mk
2,0 consists of Siegel Eisenstein series. We

have that the Siegel Φ operator provides an isomorphism between Mk
2,1 and Sk(Γ1), as

well as an isomorphism between Mk
2,0 and Mk

1,0 = Sk(Γ1)⊥, i.e., the elliptic Eisenstein
series.
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2.5. Maass spezialschar. We will also make use of the space of Maass spezialchars.

Given T ∈ Λ2, write T =

[
n r/2
r/2 m

]
= [n, r,m] and a([n, r,m];F ) := a(T ;F ). The

space of Maass spezialschar, SM
k (Γ2), is the subspace of Sk(Γ2) consisting of forms

whose Fourier coefficients satisfy

a([n, r,m];F ) =
∑
d>0

d|gcd(n,r,m)

dk−1a([1, r/d,mn/d2];F )

for all

[
n r/2
r/2 m

]
∈ Λ2. We denote the orthogonal complement with respect to the

Petersson inner product of SM
k (Γ2) in Sk(Γ2) by SNM

k (Γ2).

3. Products of Eisenstein series

In this section we deal with the case that F and G are both in Sk(Γ2)⊥, i.e., where
FG is not a cusp form. Our argument here uses the Siegel operator to reduce the
cases under consideration to those already dealt with by Duke [3] and Ghate [5]. We
begin by providing the list of eigenform product identities for elliptic modular forms.

Theorem 3.1. [3, 5] Let Ek denote the normalized Eisenstein series of weight k and
level SL2(Z) and ∆k the unique normalized cuspform of weight k and level SL2(Z).
The only pairs of eigenforms f, g so that fg is again an eigenform is given by the
following list:

E8 = E2
4

E10 = E4E6

E14 = E6E8 = E4E10

∆16 = E4∆12

∆18 = E6∆12

∆20 = E4∆16 = E8∆12

∆22 = E4∆18 = E6∆16 = E10∆12

∆26 = E4∆22 = E6∆20 = E8∆18 = E10∆16 = E14∆12.

The following lemma is key in reducing from the Siegel modular forms case to the
list given in the previous theorem.

Lemma 3.2. [14, Theorem 1] Let F ∈ Sk(Γ2)⊥ be an eigenform. Then Φ(F ) is a
nonzero eigenform.

Using this lemma, we are able to deduce the following theorem, which completely
answers the question in this particular case.

Theorem 3.3. Let F ∈ Sk(Γ2)⊥ and G ∈ Sl(Γ2)⊥ be eigenforms. If FG is an
eigenform, then one must have k = l = 4 and F = G = E4

2,0.
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Proof. Lemma 3.2 allows us to conclude that Φ(F ),Φ(G), and Φ(FG) = Φ(F )Φ(G)
must all be eigenforms in the space of elliptic modular forms. (Note the fact that Φ is
multiplicative follows immediately from the definition.) Thus, they must all appear
in the list given in Theorem 3.1. In other words, if the triple Φ(F ), Φ(G), and Φ(FG)
does not appear in the list given in Theorem 3.1, we do not need to consider it.

Recall we have that Φ provides an isomorphism between Mm
2,0 and Sm(Γ1)⊥ as well

as an isomorphism between Mm
2,1 and Sm(Γ1) for any m ≥ 2. Thus, as we are only

considering F and G in Sm(Γ2)⊥ for m = k, l, we have a unique Siegel modular form
over each elliptic modular form in the list give in Theorem 3.1, i.e., over each elliptic
Eisenstein series Em

1,0 we have only (a scalar multiple of) the Siegel Eisenstein series
Em

2,0 and over each cusp form f ∈ Sm(Γ1) we only have (a scalar multiple of) the
Klingen Eisenstein series Em

2,1(·; f). This allows us to restrict our attention to this
finite list of products and use [9] to check which triples actually give an example.

The identity E4
2,0 ·E4

2,0 = E8
2,0 is forced by the fact that the dimension of the space

of weight eight Siegel modular forms is one. In the elliptic modular forms case the
other cases are forced by such dimension arguments, but there are no other such
dimension restrictions for Siegel modular forms. The table of relevant dimensions for
Siegel modular forms is given by

Weight m Dimension Mm(Γ1)
8 1
10 2
14 2
16 4
18 4
20 5
22 6
26 7

For instance, one has

43867E10
2,0 = 43867E4

2,0E
6
2,0 − 2307916800χ10

where χ10 ∈ SM
10(Γ2) is the (unique up to scaling) Siegel cusp form of weight 10. One

uses [9] to confirm there are no other identities in the finite list of possibilities arising
from the list in Theorem 3.1. �

4. Products of cuspforms and Siegel Eisenstein series

The next case we consider is the product of a cuspidal eigenform and a Siegel
Eisenstein series. The first thing to note is there is one identity forced by dimension
considerations. Namely, if we let χ10 ∈ SM

10(Γ2) be the Maass form of weight 10, we
know χ10E

4
2,0 is a cusp form of weight 14 and the space of cusp forms of weight 14 has

dimension one, so up to scaling there must be an identity. In fact, one checks using
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[9] that χ10E
4
2,0 = χ14 where χ14 is the Maass form of weight 14. Using the dimension

formulas given in [13, Section 4], one can check this is the only remaining identity
forced via dimension. We conjecture the case given in the previous section and the
one given here are the only two possible products that give eigenforms.

Let F ∈ Ml(Γ2) be a Siegel Eisenstein series normalized so that a([0, 0, 0];F ) = 1.
Let G ∈ Sk−l(Γ2) be an eigenform and we assume that we can normalize G so that
a([1, 0, 1];G) = 1. Set H = FG. Under our assumptions we have a([1, 0, 1];H) = 1.

One would like to use an argument similar to the argument used in [6] for the case
of elliptic modular forms. There Johnson argues that since one knows the Fourier
coefficients of a normalized eigenform are integral and the Fourier coefficients of a
normalized Eisenstein series are not integral for all but finitely many weights, one
cannot have the product of an Eisenstein series and a cuspidal elliptic eigenform be
an eigenform except for finitely many exceptions. Unfortuntely, in the case of Siegel
modular forms one only knows that a Siegel eigenform can be scaled to have integral
Fourier coefficients, which does not help in such an argument. However, we can get
around this difficulty by combining the following two results.

Theorem 4.1. [12, Corollary 1.2] Let J ∈ Mk(Γ2) be an eigenform, KJ the totally
real finite field extension of Q generated by the eigenvalues of J , and OJ the ring of
integers of KJ . Then for k ≥ 2 we have the eigenvalues of J belong to OJ .

Theorem 4.2. [10, Theorem 1.2] Let J(Z) =
∑

T∈Λ2
a(T ; J)e(Tr(TZ)) ∈ Mk(Γ2) be

an eigenform normalized so a([1, 0, 1]; J) = 1. Let

h1(p) =

 2 if p ≡ 1 (mod 4)
1 if p = 2
0 if p ≡ 3 (mod 4).

Then for any prime p, one has

λ(p; J) = a([p, 0, p]; J) + h1(p)pk−2

where λ(p; J) is the T (2)(p)th eigenvalue of J .

While we do not know the Fourier coefficients of a Siegel eigenform are integral in
general, this formula gives us that a([p, 0, p];H) must be integral for each prime p if
H is an eigenform.

The Fourier coefficients of F = El
2,0 are known. We have (see [2, Equation (8)] for

example)

a(T ;El
2,0) =

2

ζ(1− l)ζ(3− 2l)

∑
d|e(T )

dl−1H
(
l − 1,

4nm− r2

d2

)
where e(T ) = gcd(n, r,m) and H(l − 1,M) is Cohen’s function defined by

H(l − 1,M) = L(2− l, χD)
∑
g|f

µ(g)χD(g)gl−2
∑
h|(f/g)

h2l−3

for M = −Df 2, D < 0 a fundamental discriminant and µ is the Möbius function.
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We now calculate a([2, 0, 2];H). Observe that the terms that contribute to this are
of the form a([m, r, n];F )a([m̃, r̃, ñ];G) with m + m̃ = 2, r + r̃ = 0, and n + ñ = 2.
Note that since we require [m, r, n] and [m̃, r̃, ñ] to be positive semi-definite, we have
m+n ≥ 0 and 4mn− r2 > 0 and similarly for the other matrix. This means m,n, m̃,
and ñ must all be non-negative. Thus, the only possibilities for m,n, m̃ and ñ are
{0, 1, 2}. Observe that if m = 2, then we must have m̃ = 0. In such a case, we must
have r̃ = 0 for [m̃, r̃, ñ] to be positive semi-definite, so in turn r = 0 as well. Arguing
along these same lines we see the only possibilities are:

[m, r, n] [m̃, r̃, ñ]
[2, 0, 2] [0, 0, 0]
[2, 0, 1] [0, 0, 1]
[2, 0, 0] [0, 0, 2]
[1, 0, 2] [1, 0, 0]
[1, 0, 1] [1, 0, 1]
[1, 0, 0] [1, 0, 2]
[0, 0, 2] [2, 0, 0]
[0, 0, 1] [2, 0, 1]
[0, 0, 0] [2, 0, 2]
[1, 1, 1] [1,−1, 1]

[1,−1, 1] [1, 1, 1]
[1, 2, 1] [1,−2, 1]

[1,−2, 1] [1, 2, 1]

We note that since G is a cusp form, all the Fourier coefficients a(T ;G) vanish for
singular T ([7, Proposition 2, pg. 56]). Thus, we can remove all the rows above where
m̃ñ = 0 as well as the last two rows. Making use of these facts we have

a([2, 0, 2];H) =a([1, 0, 1];F )a([1, 0, 1];G) + a([1, 0, 0];F )a([1, 0, 2];G)

+ a([0, 0, 1];F )a([2, 0, 1];G) + a([0, 0, 0];F )a([2, 0, 2];G)

+ a([1, 1, 1];F )a([1,−1, 1];G) + a([1,−1, 1];F )a([1, 1, 1];G).

Now recall that that a([m, 0, n]; J) = a([n, 0,m]; J) and a([m, r, n]; J) = a([m,−r, n]; J)
([10, pg.4]). Moreover, a([0, 0, 0];F ) = a([1, 0, 1];G) = 1 by our normalization. This
gives

a([2, 0, 2];H) =a([1, 0, 1];F ) + 2a([1, 0, 0];F )a([1, 0, 2];G)

+ a([2, 0, 2];G) + 2a([1, 1, 1];F )a([1, 1, 1];G).

Using [2, Equations (8) and (9)], we have

a([2, 0, 2];H) =
1

ζ(1− l)
α
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where

α = 4a([2, 0, 1];G)+
2L(2− l, χ−4)

ζ(3− 2l)
+ζ(1−l)a([2, 0, 2];G)+

2L(2− l, χ−3)

ζ(3− 2l)
a([1, 1, 1];G).

Since G is an eigenform, we have from the discussion above that a([2, 0, 2];G) is
integral. Thus, if p | ζ(1 − l), then p | ζ(1 − l)a([2, 0, 2];G). This gives that if
p | ζ(1− l), then p | α if and only if p | β where

β = 4a([2, 0, 1];G) +
2L(2− l, χ−4)

ζ(3− 2l)
+

2L(2− l, χ−3)

ζ(3− 2l)
a([1, 1, 1];G).

Thus, if p | ζ(1 − l) and p - β, then a([2, 0, 2];H) is not integral, i.e., H is not an
eigenform. We have proven the following theorem.

Theorem 4.3. Let F ∈ Ml(Γ2) be a Siegel Eisenstein series normalized so that
a([0, 0, 0];F ) = 1 and let G ∈ Sk−l(Γ2) be an eigenform. Assume that we can nor-
malize G so that a([1, 0, 1];G) = 1. If there exists a prime p so that p | ζ(1 − l)
and

p -
(

4a([2, 0, 1];G) +
2L(2− l, χ−4)

ζ(3− 2l)
+

2L(2− l, χ−3)

ζ(3− 2l)
a([1, 1, 1];G)

)
,

then FG is not an eigenform.

Example 4.4. Let υ20 ∈ SNM
20 (Γ2) be the non-Maass eigenform as listed in [9] normal-

ized so that a([1, 0, 1]; υ20) = 1. This gives a([1, 1, 1]; υ20) = 1
4

and a([2, 0, 1]; υ20) =

654. Now consider F = El
2,0. We have 283 and 617 both divide ζ(−19). However,

4a([2, 0, 1]; υ20) +
2L(−18, χ−4)

ζ(−37)
+

2L(−18, χ−3)

ζ(−37)
=

403442898329041300

154210205991661

=
22 · 52 · 31 · 421 · 2753 · 112287671

154210205991661
.

Thus, E20
2,0υ20 is not an eigenform.

5. Products of cuspforms and Klingen Eisenstein series

Ideally one could directly apply the arguments in the previous section to the case
of a cuspform multiplied by a Klingen Eisenstein series. However, note that for an
elliptic cuspform f ∈ Sl(Γ1) and F = El

2,1(·; f), we have a([0, 0, 0];F ) = a(0; f) = 0.
Thus, if G is a cuspform and H = FG, then a([1, 0, 1];H) = 0. This means we cannot
apply Theorem 4.2 to this case. Fortunately, we have the following result of Skoruppa
we can use instead.

Theorem 5.1. [13, pg. 387] Let J ∈ Mk(Γ2) be an eigenform. For any prime p we
have

a([p, p, p]; J) =
(
λ(p; J) + pk−2

(
1 +

(p
3

)))
a([1, 1, 1]; J).
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As before, we list out the eligible pairings a([m, r, n];F )a([m̃, r̃, ñ];G) contributing
to a([1, 1, 1];H):

[m, r, n] [m̃, r̃, ñ]
[1, 1, 1] [0, 0, 0]
[0, 0, 0] [1, 1, 1]

We have

a([1, 1, 1];H) =a([1, 1, 1];F )a([0, 0, 0];G) + a([0, 0, 0];F )a([1, 1, 1];G) = 0

where we have used that a([0, 0, 0];F ) = 0 and a(T ;G) = 0 for T ≤ 0. Thus, if H is
an eigenform, then we have a([p, p, p];H) = 0 for all primes p.

As in the previous section, we focus on p = 2. For a([2, 2, 2];H), we have the
following pairings:

[m, r, n] [m̃, r̃, ñ]
[2, 2, 2] [0, 0, 0]
[2, 2, 1] [0, 0, 1]
[1, 2, 2] [1, 0, 0]
[1, 2, 1] [1, 0, 1]
[1, 1, 1] [1, 1, 1]
[1, 0, 1] [1, 2, 1]
[1, 0, 0] [1, 2, 2]
[0, 0, 1] [2, 2, 1]
[0, 0, 0] [2, 2, 2]

Using that a(T ;G) = 0 for T ≤ 0 and a([0, 0, 0];F ) = 0, we only need consider the
fourth, fifth, seventh, and eighth pairings. We thus have

a([2, 2, 2];H) =a([1, 2, 1];F )a([1, 0, 1];G) + 2a([1, 1, 1];F )a([1, 1, 1];G)

+ a([1, 0, 0];F )a([1, 2, 2];G) + a([0, 0, 1];F )a([2, 2, 1];G).

Note that [1, 2, 1] and [0, 0, 1] are unimodularly equivalent to [1, 0, 0], so a([1, 2, 1];F ) =
a([0, 0, 1];F ) = a(1; f) = 1 and [2, 2, 1] and [1, 2, 2] are unimodularly equivalent to
[1, 0, 1] so we can simplify the above to read

a([2, 2, 2];H) = 3a([1, 0, 1];G) + a([1, 1, 1];F )a([1, 1, 1];G).

Thus, if H is an eigenform we have

3a([1, 0, 1];G) + a([1, 1, 1];F )a([1, 1, 1];G) = 0.

Define

ϑT (z) =
∑

(a,b)∈Z2

e(z(ma2 + rab+ nb2)).



EIGENFORM PRODUCT IDENTITIES FOR DEGREE TWO SIEGEL MODULAR FORMS 11

Given a normalized eigenform f ∈ Sk(Γ1) and a prime p, define αp, βp ∈ C so that
αp + βp = a(p; f), αpβp = pk−1. The symmetric square L-funtion of f is defined as

L(s, Sym2 f) =
∏
p

(1− α2
pp
−s)−1(1− αpβpp−s)−1(1− β2

pp
−s)−1.

Set

L(s, f ⊗ ϑT ) =
∞∑
n=1

a(n; f)a(n;ϑT )n−s.

Equation (1.4a) of [11] specialized to our case gives

a([1, 1, 1];El
2,1(·; f)) = (−1)l/23l−3/2(2π)l−1 (l − 1)!

(2l − 2)!

L(l − 1, χ−3)L(l − 1, f ⊗ ϑ[1,1,1])

L(2l − 2, Sym2 f)
.

Thus, we have the following theorem.

Theorem 5.2. Let f ∈ Sl(Γ1) be a normalized eigenform, F = El
2,1(·, f) ∈ Sl(Γ2),

and G ∈ Sk−l(Γ2) an eigenform. If

3a([1, 0, 1];G) 6= (−1)l/2+13l−3/2(2π)l−1 (l − 1)!

(2l − 2)!

L(l − 1, χ−3)L(l − 1, f ⊗ ϑ[1,1,1])

L(2l − 2, Sym2 f)
a([1, 1, 1];G),

then FG is not an eigenform.

One should note the coefficient of a([1, 1, 1];G) in the above theorem is algebraic
as it is a Fourier coefficient of a Klingen Eisenstein series ([11, Theorem 2]).

Example 5.3. Let l = 26 and f ∈ S26(Γ1) be the unique normalized eigenform, i.e.,

f = q − 48q2 − 195804q3 − 33552128q4 − 741989850q5 + · · · .
Set F = E26

2,1(·; f) ∈ S26(Γ2). Recalling that the coefficient of a([1, 1, 1];G) in Theorem
5.2 is the [1, 1, 1]-Fourier coefficient of F , we have from [9] that

(−1)l/2+13l−3/2(2π)l−1 (l − 1)!

(2l − 2)!

L(l − 1, χ−3)L(l − 1, f ⊗ ϑ[1,1,1])

L(2l − 2, Sym2 f)
= 1486080.

In the space S24(Γ1) there are two cuspforms that do not arise as Maass lifts, υ24,1 and
υ24,2. We normalize these so that the [1, 0, 1]-Fourier coefficient of each is 1. Observe
that

3a([1, 0, 1]; υ24,1) = 3 · 1

6= 1486080 ·
(
− 36

576

)
= 1486080a([1, 1, 1]; υ24,1)

and

3a([1, 0, 1]; υ24,2) = 3 · 1

6= 1486080 · 54

1368
= 1486080a([1, 1, 1]; υ24,2).
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Thus, we have that υ24,j · E26
2,1(·; f) is not an eigenform for j = 1, 2.

6. Products of two cuspforms

The product of two cuspforms is essentially the easiest case for elliptic modular
forms, but in our case it is much more difficult. We make the following conjecture.

Conjecture 6.1. Let F ∈ Sl(Γ2) and G ∈ Sk−l(Γ2) be eigenforms. Then FG is not
an eigenform.

In this section, we determine a couple of necessary conditions for FG to be an
eigenform if F ∈ S`(Γ2) and G ∈ Sk−`(Γ2) are eigenforms. The first condition we
relate to a conjecture we attribute on non-vanishing of Fourier-Jacobi coefficients.
The second condition we give is an easy condition to check to show FG is not an
eigenform given eigenforms F and G.

Given J ∈ Sm(Γ2), write the Fourier-Jacobi expansion of J as

J(Z) =
∑
n≥1

φn(τ, z; J)e(nτ ′)

where Z =

[
τ z
z τ ′

]
. One can see [4] for the details of Fourier-Jacobi expansions. We

make the following conjecture, though it could easily be attributed to Kohnen as in
[8] he states that one can optimistically think the conjecture may always be true.

Conjecture 6.2. Let J ∈ Sm(Γ2) be an eigenform. Then φ1,J 6= 0.

It is know that if J is an eigenform, then φ1,J 6= 0 for 10 ≤ k ≤ 32 via [13]. We
will now show that if one assumes this conjecture, then FG cannot be an eigenform.
Note that assuming φ1,J 6= 0 for J an eigenform is not an uncommon asssumption to
make. For instance, one can see [1] where many of the results are contingent on the
first Fourier-Jacobi coefficient not vanishing.

Proposition 6.3. Let F ∈ Sl(Γ2) and G ∈ Sk−l(Γ2). If FG is a non-zero form, then
FG ∈ SNM

k (Γ2).

Proof. Set H = FG. We have

φ1,H = φ0,Fφ1,G + φ1,Fφ0,G = 0

because F and G are cusp forms so φ0,F = φ0,G = 0. However, if H is in the Maass
space, it must be given by

H(Z) =
∑
n>0

(Vnφ1,H)(τ, z)e(nτ ′).

Note that this is normally stated for eigenforms, but since Vn is linear it is valid for
any form in the Maass space. As φ1,H = 0, this is a contradiction. �

From the proof of the previous result we immediately have the following corollary.

Corollary 6.4. Let F ∈ Sl(Γ2) and G ∈ Sk−l(Γ2). We have φ1,FG = 0, i.e., if
H ∈ Sk(Γ2) satisfies φ1,H 6= 0, then H is not the product of two cuspforms.
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Since the product of two cuspforms is again a cuspform, it is clearly the case that
there are cuspforms H for which φ1,H = 0. However, assuming the conjecture above
this shows that FG cannot be an eigenform for F and G cuspidal eigenforms.

We now provide a way to easily show FG is not an eigenform given two cuspidal
eigenforms F and G. Assume that F and G can be normalized so that a([1, 0, 1];F ) =
a([1, 0, 1];G) = 1, which in turn gives a([1, 0, 1];FG) = 1. We again make use of
Theorem 4.2. Assume that FG is an eigenform. We have

λ(2;FG) = a([2, 0, 2];FG) + 2k−2.

As in Section 4, we can write a([2, 0, 2];FG) in terms of the Fourier coefficients of F
and G. In this case as F and G are both cuspidal, all the coefficients associated to
singular matrices vanish and we have

a([2, 0, 2];FG) =a([1, 0, 1];F )a([1, 0, 1];G) + a([1, 1, 1];F )a([1,−1, 1];G)

+ a([1,−1, 1];F )a([1, 1, 1];G)

=1 + 2a([1, 1, 1];F )a([1, 1, 1];G).

Thus, if FG is an eigenform we must have

λ(2;FG) = 1 + 2k−2 + 2a([1, 1, 1];F )a([1, 1, 1];G),

i.e., if this equality does not hold then FG is not an eigenform. This condition is easily
checked using [9]. Namely, one can check the 2-eigenvalue of all cuspidal eigenforms
of weight k. Moreover, if FG is an eigenform we know λ(2;FG) must be integral.
Thus, the above equality implies we would have 2a([1, 1, 1];F )a([1, 1, 1];G) must also
be integral. One can check this without even computing the eigenvalues of weight k
eigenforms. This gives us a computationally efficient method to show FG is not an
eigenform given eigenforms F and G.

Example 6.5. Let χ12 ∈ SM
12(Γ1) and χ14 ∈ SM

14(Γ1) be the Maass forms of weight
12 and 14 respectively. We know that χ12χ14 ∈ SNM

26 (Γ1). Upon normalizing so the
[1, 0, 1]-Fourier coefficients are 1, we have

a([1, 1, 1];χ12)a([1, 1, 1];χ14) =

(
1

10

)(
−1

2

)
,

which is not integral. Thus, χ12χ14 is not an eigenform. One can further check that

1 + 226−2 + 2a([1, 1, 1];χ12)a([1, 1, 1];χ14) = 1 + 16777216 + 2

(
1

10

)(
−1

2

)
=

167772169

10
.

One can then directly check using [9] that the two non-Maass cuspidal eigenforms
υ26,1 and υ26,2 have 2-eigenvalues of −5276160 and −18063360 respectively.

Example 6.6. Let ν20 be the non-Maass cuspidal eigenform of weight 20 and ν24,j the
non-Maass cuspidal eigenforms of weight 24 for j = 1, 2. We have a([1, 1, 1]; ν20) = 1

4
,

a([1, 1, 1]; ν24,1) = − 1
16

, and a([1, 1, 1]; ν24,2) = 3
76

when the forms are normalized so
the [1, 0, 1]-Fourier coefficient is 1. The above criterion shows that no product of any
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of these three forms can be an eigenform since the product of the [1, 1, 1]-Fourier
coefficients and 2 will not be integral.
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